Abstract-Synchronous reluctance machine has high flux density fluctuations in the iron due to the high harmonics results from the rotor anisotropy. Thus, an accurate computation of the iron losses is of paramount importance, especially during the design stage. In this paper, a nonlinear analytical model considering the magnetic iron saturation and the slotting effect is proposed. The model estimates accurately the iron losses at a wide range of operating speed. In addition, the accuracy of the nonlinear model when the machine is highly saturated, i.e., when it works along the maximum torque per ampere (MTPA) trajectory, is presented and verified. The model presented is general and can be applied to other configurations. A 36-slot four-pole machine, with three flux-barriers per pole is considered as a case study. Finite element analysis is used to validate the results achieved by means of the nonlinear analytical model. Furthermore, an experimental setup is built to validate the simulation results.
I. INTRODUCTION
T HE importance of determining accurately the total iron losses in the whole motor structure is crucial even during the first design stage. In addition, the computation time of these losses is very important for reducing the dimensioning phase in the product development yields to a positive financial impact. For that reason, the analytical models are attractive tools for estimating these losses. Referring to the linear analytical model presented in the literature [1] - [3] , the over estimation of the iron losses results from that linear model leads to over-size the machine. Thus, it is necessary to find a fast and accurate analytical tool overcome the assumptions of those linear models.
From the literature, it has been recognized that there are many approaches for computing the iron losses of Synchronous reluctance (SynRel) machines. Most of them are based on the FE analysis, as in [4] - [8] , or on analytical analysis for specific stator MMF and rotor geometry, as in [2] , [3] . The analytical model presented in [1] considers all harmonics of the stator MMF and is valid for a general rotor geometry. However, it focuses only on the eddy current loss computation in the stator teeth. Besides, the rotor end angles are optimized in order to minimize those losses disregarding their effect on the torque ripple, however it has a high impact on reducing both stator teeth and yoke iron losses, as well [9] .
The previous analysis has been carried out neglecting both: (a) the stator slotting effect, and (b) the magnetic iron saturation effect. These phenomena strongly affect the air-gap flux density distribution [10] - [12] . In fact, some dips appear in the air-gap flux density distribution due to the magnetic reluctance variations in the air-gap caused by the slot openings [13] - [16] . In addition, the magnetic voltage drops, occurring in the stator and rotor iron, limit the magnetic fluxes flowing through the iron parts of the motor. As a consequence, the flux density variations in these regions are reduced [10] , [17] . It has been observed that the iron losses computed in [9] result to be overestimated, especially if they are computed along the maximum torque per ampere (MTPA) trajectory.
To fill this gap, the aim of this paper is to include the machine nonlinearities in the analytical model so as to compute more accurately the iron losses in various iron parts. An novel aspect introduced in this work, with respect to the presented model in [1] , is the extension to the iron losses prediction in the various iron parts of the machine, not only in the stator teeth. The hysteresis losses are considered for the fundamental component, because of their significant amplitude, especially if the machine is working along the MTPA trajectory. Fig. 1 reports a 2D sketch of SynRel machine showing the different iron parts of the stator, i.e. teeth and yoke, and the rotor, i.e., islands and channels. Once again, a 36-slot four-pole machine with three flux-barriers per pole is used, as an example, however, the nonlinear analytical model is general for a different number of poles, stator slots, flux-barriers, as can be recognized in [18] , [19] . The design specifications, of the studied SynRel, are summarized in Table I . The paper is organized as follows: Section II briefly describes the nonlinear analytical model. Section III reports the iron losses when the motor operate along the MTPA, FW, and MTPV trajectory, respectively. Furthermore, it shows the comparison between the linear and nonlinear analyses results for all the above conditions. Section IV studies the impact of the local saturation close to the iron ribs on the nonlinear analytical model accuracy. FE simulations and an experimental measurements validate the results obtained by means of the analytical analyses.
II. NONLINEAR ANALYTICAL MODEL
In this section, the analytical model considers the same permeance function discussed in [11] , [15] . Then, the air-gap flux density is updated. Its distribution is confirmed by the FE analysis, as shown in Fig. 2 .
The magnetic voltage drop in the iron paths can be considered by means of an additional equivalent voltage drop in the airgap. In other words, the air-gap length is increased by a specific factor: the saturation factor K sat [11] , [16] , [20] . Due to the complex rotor structure, it is difficult to consider the magnetic saturation in both stator and rotor iron by means of a unique equivalent factor.
As shown in Fig. 3 , the "ghost" flux line enters from the tooth n and exits from the tooth (n + Q s /2p). It is equivalent to consider that every flux line travels for a full pole pitch. Referring to the stator, Fig. 3 shows that the magnetic voltage drop in each flux path "ghost path" occurs in the yoke and two teeth. Considering half of the path, the magnetic drop can be presented by K sat t n in front to the n-th tooth. It can be expressed as
where ψ t n is the magnetic voltage drop in the n-th tooth. ψ y t n is the magnetic drop which occurs in half the flux path in the stator yoke. The subscript y t indicates that the yoke drop is considered as an additional magnetic drop along the tooth. H g n is the field intensity in front of the n-th tooth. The detailed computations of both ψ t n and ψ y t n will be discussed later on. On the other hand, the voltage drop in the rotor islands and channels can be considered by adopting K sat i s , i to increase the air-gap in front of each rotor iron part. It can be computed as
where ψ is i is the magnetic voltage drop in the i−th rotor island. B g i s , i is the air-gap flux density in front to the i−th island. Indeed, the computation for the rotor channel is carried out when i = N b + 1. 
A. Magnetic Voltage Drop in the Stator Iron 1) Stator Teeth:
The flux density variation in the n-th stator tooth can be computed as
Then, from the actual iron B-H curve, shown in Fig. 4 , the field intensity is determined. Hence, ψ t n can be computed as
where h t is the height of the stator tooth.
2) Stator Yoke:
Starting from a generic tooth, the actual flux flowing through the s−th section of the stator yoke is computed as
Consequently, the flux density, field intensity, and magnetic voltage drop in the s−th section can be achieved as
where Δl = π(D e − h y )/Q s is the average length of one backiron sector. The "ghost" flux line encounters Q s /2p magnetic voltage drops along its path. These magnetic voltage drops can be summed, with the sign of the corresponding flux in the same sector. At the end, the "ghost" flux line has gathered the same overall magnetic voltage drop of the actual flux line of that particular tooth and can be expressed as
The 1 2 occurs since half the path of the line is considered. As an example, the solid path shown in Fig. 3 starts from tooth n = 1 (below the first slot) and it ends in tooth n = 10. The total magnetic voltage drop associated to this line is
On the other hand, the dotted path shown in Fig. 3 sees
where the last equivalence is the main assumption of this computation. In fact it is like implying that ψ y 6 is equal and opposite to ψ y 1 3 , similarly, ψ y 7 to ψ y 1 2 and so on. All terms are canceled out but the term ψ y 5 . 
B. Magnetic Voltage Drop in the Rotor Iron
where
By integrating the air-gap flux density, φ in i (ϑ m ) and φ out i (ϑ m ) are computed as
On the other hand, the flux flowing through the rotor channel is computed as
where φ ch i and φ ch o are derived by integrating the air-gap flux density as follows
The aforementioned island and channel fluxes are the d-axis fluxes. The q-axis flux for the islands and the channels are also computed through the following approximation
The island q-axis flux equations represent the average between the upper and lower barrier fluxes. In order to get the flux density in each i−th island, all these fluxes are referred to the middle section of the iron segment. For each i−th island, the width w r i is known from the drawing or computed as in [21] , while the length is approximated through
therefore
, k air is the ratio between the sum of the barriers thicknesses and the total length of the rotor along the q-axis.
C. Iterative Approach
The saturation factors reported in (1) and (2) are not fixed but they are iteratively computed so as to adjust the magnetic model parameters. The number of the iterations depends on the saturation level in the machine iron parts. As an example, Fig. 6 explains the iterative approach for computing K sat t n in front of the n-th tooth.
III. ANALYSIS RESULTS AND FE VALIDATION
In this section, the results of the linear model at the operating points B (along MTPA trajectory) and B' (along FW trajectory) are compared by the results of the nonlinear model. The current density is the same for both operating conditions (J = 3 A/mm
2 ) and the current vector angles are 45
• and 80
• , respectively. For the sake of studying the model accuracy at high saturation level, the comparison is repeated at current density J = 6 A/mm 2 . Furthermore, the nonlinear model is confirmed by the FE analysis in various operating points, along the MTPA trajectory, under the FW operation, and along the MTPV trajectory, i.e., at J = 2 A/mm 2 and α e i = 80
• . From [1] , [9] , it is recognized that the rotor losses are negligible comparing to the stator losses and can be neglected if the rotor is laminated and not rotating at very high speed. Therefore, the main focus of this paper is on the stator iron losses computation. 
A. MTPA Operating Condition
Referring to the operating point B, Figs. 7 and 8 show the flux density variations in the stator teeth and yoke resulting from the nonlinear slotted model. Three teeth are considered since there are three slots per pole and per phase. It is noted that there is a satisfactory agreement between the improved model and the FE analysis. Table II shows the iron losses in the various iron parts of the stator core. The eddy current losses (due to all harmonics) and the hysteresis loss (due to the fundamental harmonic only) are reported. Again, the nonlinear analytical model results are validated by means of FE analysis, as shown in Table II .
Comparing Table II with the corresponding Table III , which reports the iron losses resulting from the linear analytical model, it is noted that the iron losses are overestimated, by 91.5% with respect to those predicted by FE. This comparison remarks the accuracy of the nonlinear analytical model (maximum error approaches 2%) even if the local saturation close to the rotor iron ribs is disreg\arded.
B. FW Operating Condition
The nonlinear analytical and FE model results are compared together at the operating point B', as shown in Figs. 9 and 10 and Table IV . In FW conditions, there is a great reduction of the main flux. As a consequence, the saturation level of the machine is low. The local saturation at the iron ribs is reduced too. This increases the accuracy of the nonlinear model (maximum error 0.8%). Additionally, it is noted that, in point B' the harmonic losses are dominant, while the losses associated to the fundamental are quite low. This is due to both the relative increase of harmonic content and the frequency.
Similarly, comparing Table IV to the corresponding results of the linear analytical model, it is noted that the linear model overestimates the FE computed losses by 8.5%. From Tables II  and IV , it can be noted that the neglecting of the iron ribs becomes more realistic at the FW operating condition and the model error is reduced from 2.5% (at point B) to 0.5% (at point B'). 
C. MTPV Operating Condition
Hereafter, the motor is supplied with J = 2 A/mm 2 and α e i = 80
• . It works at operation point along the MTPV trajectory (point C). Figs. 10 and 11 show the flux density variations in the stator teeth and yoke estimated by the nonlinear analytical and FE models. Hence, the stator core iron losses are estimated by both nonlinear models and reported in Table V . There is a good agreement between both nonlinear models. The nonlinear analytical model overestimates the FE model predicted losses by 0.5% only. When the motor runs along the MTPV operating trajectory, the current amplitude is reduced. Thus, the d-axis current is reduced, and hence the main flux of the machine is In [1] , it is mentioned that neglecting the iron saturation applied to the linear analytical model is well suited to the MTPV operations due to low current density at this operating region. The linear analytical and FE models are applied to the same operating point. The estimated iron losses are compared to those reported in Table V , hence, it is recognized that the iron losses resulting from the linear model are overestimated by 14.5%. To understand the effect of neglecting the iron saturation on the analytical model accuracy, a semi nonlinear model conserving the stator slotting effect only is applied at the same operating condition. It is recognized that this analytical model overestimates the nonlinear FE model by 11.3%.
IV. ACCURACY ROBUSTNESS OF THE NONLINEAR ANALYTICAL MODEL
The nonlinear analytical model does not consider the local saturation close to the rotor iron ribs. This local saturation interacts with the stator teeth and causes the different harmonic contribution. This section aims to study the effect of this assumption on the accuracy of the iron losses computations when the motor is highly saturated, i.e., it works along the MTPA trajectory. The accuracy of the nonlinear analytical model for computing the other machine performance parameters at high saturation level has been checked in [11] , [16] . In this section, the model accuracy is checked at J = 6 A/mm 2 and α e i = 59
• . The flux densities variations in the stator teeth and back iron are shown in Fig. 13 and Fig. 14 , respectively. Table VI reports the iron losses in the stator core at the aforementioned operating condition. It is noted that, the nonlinear analytical model overestimates the nonlinear slotted FE model by about 10%, much better than the linear analytical model which overestimates the losses by about 215% in this condition. In addition, Figs. 10 and 11 show a satisfactory agreement between the nonlinear analytical and FE models.
Finally, an experimental validation is carried out by validating the output power/torque map of both the simulation and the experimental measurements. This can be carried by fixing the input power for both the simulation and the actual motor under the experimental test. An indication of an accurate losses computation can be achieved if the output power of both simulation and test are matched, for the same input power. The experimental validation of the output torque map is shown in Fig. 15 . It is noted that there is a satisfactory agreement between simulation results and experimental measurements. 
V. CONCLUSION
This paper describes a rapid nonlinear analytical model for computing the iron losses in SynRel machine. This model is well suited to compute the flux density variation in the various iron parts of the SynRel machine. It allows the iron losses to be computed in any iron part. The nonlinear model is checked in a wide operating speed range. Thus, the computations are carried out at the operating points B (MTPA), B' (FW), and C (MTPV). The machine speed, saturation level, and harmonic contribution are completely different in these operating conditions. It is noted that the nonlinear model exhibits a good agreement with the FE analysis. The results of the nonlinear model are also compared with the linear model so as to evaluate the improvement occurred in the iron losses computations. It is noted that the error is reduced from 91.5% to 2.5%, from 8.5% to 0.5%, and from 14.5% to 0.5%, at the operating points B, B', and C, respectively.
Although the current amplitude is reduced at the operating point C (MTPV), the iron magnetic saturation affects the result accuracy. This can be noted from the results of the linear slotted analytical model result. The error of this semi nonlinear model is 11.3% which is, of course, higher than that of the nonlinear analytical model.
In addition, the nonlinear model is checked when the machine is saturated at current density 6 A/mm 2 along the MTPA trajectory. Even if the saturation level is doubled, the nonlinear model results are satisfactory, yielding a slight overestimation of the losses around 10% with respect the FE computation. This overestimation could be useful for the sake of safety for considering the manufacturing process effects on the magnetic properties of the machine iron.
The nonlinear analytical model is a quick tool to estimate the iron losses of the machine. For one electric period, the simulation time is about 2 seconds. This advantage of the model is very important for reducing the dimensioning phase in the motor development yields to a positive financial impact.
